SOME INTEGRALGEOMETRIC THEOREMS(?)

BY
HERBERT FEDERER

1. Introduction. Assuming that 4 and B are analytic subsets of Euclidean
n-space E,, we consider for each isometry f of E, the intersection AMf(B).
We prove (Theorem 5.7) that certain rectifiability properties of 4 in dimen-
sion k and of B in dimension /, where k+Il=#, imply corresponding recti-
fiability properties of AMf(B) in dimension k+I—n for almost all f, and
(Theorem 6.2) that in the presence of such rectifiability properties the
integral over the group of isometries of the k+/—n dimensional Hausdorff
measure of AMf(B) is proportional to the product of the k dimensional
Hausdorff measure of 4 and the ! dimensional Hausdorff measure of B.

2. Definitions. The notational conventions used in this paper are in gen-
eral consistent with those of [F2], [F3], and [F4].

2.1 DEFINITION. If 7 is a positive integer, then E, is the Euclidean space
of dimension #, L, is the #» dimensional Lebesgue measure over E,, G, is
the group of all orthogonal transformations of E,, and ¢, is the Haar measure
over G, such that ¢,(G,) =1.

If 2&E,, then T, is the translation of E, defined by the formula

T.(x) = 3+ xfor x € E,.
If a€E, and >0, then
K(a,7) = E.N {z|| x — a| <7}

is the open sphere with center a and radius 7.

2.2 DEFINITION. If u is a measure over X and » is a measure over Y,
then the measure p ®@v over the cartesian product X X Y is defined as follows:
For PCX XY, (u®v»)(P) is the infimum of all numbers of the form

3 u(4) -»(B),

t=1

where A4,, 4s, A, - - - are u measurable subsets of X; By, B;, Bs, - + - are v
measurable subsets of ¥; and

P CUA4; X B.

=]
[It is agreed here, as is usual in measure theory, that 0- ® = -0=0.]
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2.3 REMARK. There is a natural one-to-one correspondence between the
group of isometries of E, and the cartesian product space E, XG,; in fact each
isometry is uniquely representable in the form

T:0R,

with 2&€E, and REG,. This correspondence associates with the measure
L,®¢, over E, XG, a certain measure over the group of isometries, which is
readily seen to be a two-sided Haar measure. The integral of a function g
with respect to this Haar measure equals

f g(Tx o R)d(Ln ® ¢»)(Z, R).

2.4 DEFINITION. If k< are positive integers, then the functions

p:: E,— E; and n:: Ey— E,
are defined by the formulae
p:(x)=(x1,-'-,xk)€Ek for x = (%1, -+, 2,) € E,,
k
nn(y) = (ylr""ykyos"'ao)eEn fOl’y= (yly"'vyk)eEk-

2.5 DEFINITION. If m <n are positive integers, then A} is the set of all m
dimensional planes contained in E,,

Z:'=E,.f\{x|x.~=0fori= 1,--°,n—m} EA’:,
and the function
M :Gn X Epm— An
is defined by the formula
M (R, 2) = (Ro Tyrnw)(Za) for (R, 2) €Gu X Enm.

2.6 REMARK. The function Ay maps G, X E,_., onto A%. Associating with
each subset of Ay the ¢,®.La—m measure of its counterimage under Xy, we
obtain a measure over A; which is readily seen to be invariant under the
transformations of Ay induced by the isometries of E,. The integral of a
function g with respect to this Haar measure equals

f (€0 X2)d(dn ® Lon).
2.7 REMARK. If REG, and zEE, ., then

M (R, 3) = E,N {x] (pn " oinv R)(x) = z}.
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2.8 DEFINITION. In terms of the function I of classical analysis we define
the functions a, 8, v by the formulae

a(k) = f'?k_Z%l—)- P(—;—)k_lr<£—:-—l> for £ =2 0,
a(k)a(n — k) _ r(k-:1) I‘(”—;—i-l)
w()  rG)()

B(n, k)B(n, 1)
Bn, b+l —n)B2n—k—1,n—1)

(1))
SR NED

fornzk=20,n=2120,k+12=n

B(n, k) = forn = k=0,

v(n, k1) =

2.9 DerFINITION. If X is a metric metrized by p, then
diam, (S) = sup p(%, )
zE8yES

for any non-empty set SCX; if S is the empty set, then diam, (S)=0.
Furthermore if 220 and SCX, then

b —kp . k
x:(S) = (k)2 [diam, ($)]".
If ACX, then the k dimensional Hausdorff measure
k
3,(4)

is defined as follows: For each >0 consider the infimum of all numbers of the
form

> x%(S),
SEF

where F is a countable covering of A with

sup diam, (S) < r.
sEF
As r decreases, this infimum does not decrease; its limit, as r approaches 0,
equals 3¢5(4).
We further agree that if X =E, and p is the usual metric of E,, then 3¢}
shall be designated by
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&
ICa.

2.10 REMARK. 3¢J(4) equals the number (possibly «) of elements of 4.
2.11 DEFINITION. A function f on Ej to E, is Lipschitzian if and only if
there exists an M < « such that

| f(x) — f(«')| £ M| x — &' | whenever « € Ex and &’ € E;.

2.12 DEeFINITION. A subset A of E, is k rectifiable if and only if there
exists a Lipschitzian function on E; to E, which maps some bounded subset
of E; onto 4.

2.13 DEFINITION. A subset 4 of E, is Hausdorff k rectifiable if and only if

gen(d) < w
and there exist k rectifiable subsets B;, By, Bs, - - - of E, such that

scﬁ(A Y B,~> =0.

=1

2.14 REMARK. A set is Hausdorff % rectifiable if and only if it is (3¢5, k)
rectifiable, as defined in [F3].

When discussing % rectifiable or Hausdorff k rectifiable subsets of E, in
this paper, we shall always make the tacit assumption that &k <#.

2.15 DeriNITION. For each non-empty set UCE, we let dy be the func-
tion on E, such that

dy(x) = inf |y — «|.
vEU

2.16 DEFINITION. Suppose A CE,, a EE,, and UEAL Then we say that
A is restricted at a by U
if and only if a € U and for each €>0 there is a 6 >0 such that
AN K(a,8) C{a|du(x) Se|lx—al}.

2.17 REMARK. The preceding definition is closely related to Definition
2.28 of [F3]. Using the notation of [F3], we note that if REG,, ¢EG, and
U is the k dimensional plane through a perpendicular to L7¢ *(R, a), then

| P& "z — o) | = du(#) for & € En,
and consequently
v R m a) = {2]do(®) > A+ 2 - a| }

whenever 0 <7 < «. Taking account of this connection and applying Theo-
rems 3.7, 4.7, 5.1, 5.2, 5.7 of [F3] together with the proposition that if f isa
Lipschitzian function on E; to E, then . almost all of the set of those points
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of E; at which f has a nonsingular differential can be represented as a count-
able union of compact sets on each of which f is univalent, one readily ob-
tains the following two results:
(1) If 3¢5(4) < o and if for 3¢k almost all a in A it is true that A is re-
stricted at a by some k dimensional plane, then A is Hausdor[f k rectifiable.
(2) If A is a Hausdorff k rectifiable subset of E., then there are compact k
rectifiable subsets Ay, As, As - - - of E, such that

k 0
3 (A - U A,-) =0
=1
and such that for each positive integer © and each point a S A; it is true that A; is
restricted at a by some k dimensional plane.
2.18 DEFINITION. If u is a measure over X and g is a function on X to the
extended real number system, then

*
f gap

is the upper Lebesgue integral of g with respect to p; it equals the infimum of

f hd,

where & is a u integrable function such that
g(x) = h(x) £ © forx € X.

3. Some inequalities involving Hausdorff measure. The central result of
this section is Theorem 3.2. Since this proposition appears to be of basic
interest for the theory of Hausdorff measure, it is formulated and proved in
somewhat greater generality than the applications in the present paper
require. For the immediate purpose it would be sufficient to consider only the
special case in which Z=E,; then Lemma 3.1 could be replaced by the iso-
diametric inequality.

If the space ¥ in Theorem 3.2 consists of a single point and ¥(Y)=1,
then XX ¥, 3%’ ®y, and %.®y may obviously be replaced by X, 3¢;*’,
and 3¢ respectively; thus f becomes a function on X to Z with Lipschitz
constant M, P becomes a subset of X, and there results the inequality

u a(u)a(v)

a(u + v)
Two special cases of this inequality have been established previously:

Eilenberg treated in [E] the case in which =1, Z=EF, and, for all xE X,

f(x) equals the distance between x and a fixed subset of X.
Besicovitch and Moran considered in Theorem 1 of [BM] the case in

f*GCZ({xI x € Pand f(x) = z})dﬁcrz =M GCZH(P).
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which X = E,, Z=E;, f=4? and the subset P of E, is the cartesian product of
two subsets 4 and B of E; [when convenient we identify EnXE, and Emys]
with 3¢§(4) < » and 3¢](B) < « ; here the inequality reduces to
u v a\u)a(v utv
sty sex(B) < 0020 g4 x B,
a(u + v)

3.1 LEMMA. Suppose T metrizes Z, ACZ, u=0, and

3. (4) < .
For s>1 and r>0, let B(s, r) be the set of all those points z of Z such that

Jr(ANW) £ sxr(W)

whenever z& WCZ and diam, (W) <r. Then:
(1) For s>1 and r>0, B(s, r) is a closed subset of Z.
(2) ac: [A —nc>1Ur>0B(s’ f) ] =0.

The first of these two statements is subject to routine verification, while
the second can be proved very much like Theorem 3.5 of [F3]. We omit the
details.

3.2 THEOREM. If

(i) X, Y, Z are separable and complete metric spaces, metrized by p, o, T
respectively,

(ii) f s a Baire function on X XY to Z, 0 <M < », and

7[f(x’ ), f(o, y)] < Mo(x, #')

whenever, x€X, ¥’ €X, yEY,

(iii) ¢ 2s such a measure over Y that all Borel subsets of Y are y measurable
and every Y measurable set is contained in a Borel sel of equal  measure,

(iv) #=0,v=0, PCX XY and f(P) is the union of countably many sets of
finite 3C; measure.

Then
Yse:’({xl (%, 9) € P and f(x, y) = 3})d(5¢; ® ¥)(z %)
zx

« a(u)a(v) u+v

wwto (3¢, ® ¥)(P).
Proof. We let
_ o a(wa)
a(u + v)

and suppose that s>1.
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Since f(P) is the union of countably many sets of finite 3C! measure,
Lemma 3.1 enables us to construct a sequence of disjoint Borel sets Z;,
Z, Zs, - - - of finite 3* measure and a sequence of positive numbers 7y, 7s,
r3 + - - such that :

ac?[f(P) - U z;] =0
fe=1
and such that for each positive integer 7 the inequality
e, (W) S sx» (W)

holds whenever W(CZ; and diam, (W) <r;.
Associating with each set QCX XY the function g on ZXY by the

formula
go(z, 9) = 3,({x| (x, y) € Q and f(x, y) = 2})

for (2, y) €ZX Y, we divide the remainder of the argument into four parts.
Part 1. If i is a positive integer, F is a countable family of closed subsets of X

such that

sup diam, (C) < r:/M,
CcEF

k is the function on ZX Y such that
h(z, 3) = > %0
CEF sE1(CX{¥})

for (3, y)EZXY, and B is a Borel subset of Y, then
[ aeiow 59X k" ©w).
Z;XB CEF

Proof. For each CE F we define
He={(z 9]z €1C X {s})}

and let k¢ be the characteristic function of H¢. Noting that the natural pro-
jection of X X ¥ XZ onto Z X Y maps the Borel set

{(x’ 9, 2) | x € Cand f(x, y) = z}

onto H¢, we find that He is an analytlc set and hence that k¢ is an 3¢ Q¢

measurable function.
Next we observe that

b= x(C)he.
cEF
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Thus % is a non-negative 3¢ ®y measurable function, and it will be sufficient
to show that

X(C) fz hed( @) S sq " (CW(B)
X

whenever CEF.
For this purpose we henceforth fix CE F and assume that ¢(B) < . In-
asmuch as 3C%(Z;) < «, the Fubini Theorem implies that

f hed(3e; ® ¢) = f he(z, y)d 3, zdyy
Z;XB BY Z;

=Lac:‘[z.~r\f(cx {y})]ayy.

Furthermore if y&B then
diam, [f(C X {y})] = M diam, (C) < rs,
and consequently
5 [2: N FC X {yD)] < sx [f€ X 19])] S sM % ().
We conclude that

£(C) f hed(3€} @ ¥) S XM X CY(B)
[9:¢

= sgxy” (CW(B).

Part 2. If 1 is a positive integer, A is a Borel subset of X, and B is a Borel
subset of Y, then

*
[ it © 9) 5 05" (4y0()
ZiXY
Proof. We consider a sequence of countable closed coverings Fy, Fy, F3, « - -
of A such that
sup diam, (C) < ri/Mforj=1,2,3,---,

CEF,'

lim sup diam, (C) = 0,

J—reo CGF,-

. u+v utv
lim Z x, (C) =3, (A4).
oo CEF;

Associating with each covering F; the function k; on ZX Y such that

hi(z, y) = 2 %(C)
CEF;. €1 Cxivh)
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for (z, y) €EZ XY, we infer from Fatou’s Lemma and Part 1 that

f lim inf ki(z, y)d(5c" @ ¥)(z, 3)
ZiXB Fandd

Stminf | k(3! ® ¥) S sqde,” (A)(B).
o JzixB
Finally we note that if (2, y) €Z;X ¥ and
gaxa(z, ) # 0,
then y&B and
{z| (%, 9) €A X Band f(x, y) = 3} = AN {x|f(x, ) = 3}

CUcnis|fimy=2=_U ¢
CEF; CEF;,sE1(CX{¥))

for every positive integer j, hence

g4x8(2, y) < lim inf ks, ).
J—o
Part 3. If i is a positive integer and QCX X Y, then

*
[ sl @ ) 5 sa(3e}™ @ (.
ZiXY
Proof. Let ¢>0. We choose Borel subsets 4;, Az, A3, ¢+ - of X and
Borel subsets By, Bs, Bs, - - - of Y such that

QCU4;XB;
i=1

and

-+

3 T AWED < (16 @ WO + e

i=1

Noting that
gQ(z’ y) = Z gAjXBj(z’ y) for (3, y) c (Z X7Y),
=1

we use Part 2 to infer that

*

* 0
f ged(3C, ® Y¥) = Z 84;x8;4(3C, ® ¥)
ZiXY =1 Z;XY

< > sq 3 (AN(B) = sq [(567 ® ¥)(Q) + el

i=1
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Part 4. [*gp(3¢2®@Y) Ssq(35T* QYY) (P).
Proof. Letting

T =58 - U2z,

o=

we have 3¢(T) =0 and consequently

(3 @ (T X 1) = 0.
Inasmuch as
{9 | 8e(e, 3) %0} C [(P) X Y] C @ XU U (Z: X 1),

we infer that

*

* )
fz grd(3C, @ ¥) < X grd(3e; ® ¥).

XY =1 Zixy

Considering next, for each positive integer 1, the set

Ri= {(= » | f(x ) €2},
we see that
gp(2, ¥) = grenr,(2, y) whenever (z, y) € Z; X Y,

and use Part 3 to obtain

f ) grd(3e; ® ¥) = f ) grnrd(3 ® ¥) < sq (%" ® ¥)(P N Ry).

ZiXY ZiXY

The statement of Part 4 now follows from the inequality

n

S (1 @ Y)(PN R = (5 ® v)(P),

i=1

which is true because Ry, R, Rs, - - - are disjoint Borel subsets of X X V.
Since s is an arbitrary number greater than 1, the theorem is an immediate
consequence of Part 4.

3.3 THEOREM. If u <n are positive integers, k=u, and PCE, XG,, then

L o gen “[{a] (&, R) € P} N AT*(R, 2)]d(Lu ® ¢4)(z R)

< a(u)a(k — u)
a(k)
Proof. Letting f be the function on E,XG, to E, such that

(%r ® ¢2)(P).
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f(a, R) = (pnoinv R)(a)
for (a, R)EE,XG,, we see that f is a continuous function and that
| f(a, B) = f(@, B)| < |a — o

whenever a€E,, a’ €E,, and REG,. Accordingly the preceding theorem (ap-
plied with v=%k—u) yields the inequality
*

ger “({a] (¢, R) € P and (pnoinv R)(a) = 2})d(Ls ® ¢s)(z, R)

a(w)alk — u) &
T (%n @ ¢a)(P),

and reference to 2.7 completes the proof.

3.4 CoOROLLARY. If u<n are positive integers, k=u, and A CE,, then
* u n—u a\% k—u
[7 ™l AN w9l @ s B s ZOZE =)
E, Xy (k)
Proof. We apply the preceding theorem with
P =4 XG,,

ger(A).

and note that
(5Cn ® $a)(P) = Hea(A)$n(Gn) = Fca(A).
3.5 THEOREM. If v=0 and

PCEnXEn XGn=E2t\xGm
then

fE . 3e.({a]| (a, (inv R)(a — 2), R) € P})d(Ln ® ¢)(z R)
nXGn

a(n)a(v)
a(n+1)
Proof. Let f be the function on E, X E,XG, to E, such that
f(a, b, R) = a — R(d) for (e, b, R) € E, X En X Gn.
Clearly f is a continuous function and
| f(a, b, R) — f(a’, ¥, R)| =| a — o’ — R(b — V")
<|la—do|+]|b—0b| =22 (ab) — (¢ 0]

whenever a, b, a’, b’ are points of E, and REG,.
Applying Theorem 3.2 with X =E;,, Y=Gn, Z=E,, M=2Y%, u=n, and

n+v

é 202 (5c2n ® ¢n)(P)‘
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¥ =¢, we obtain the inequality
*
f 3sn({(a, b) | (¢, b, R) € P and a — R(}) = 5})d(L ® 6n)(3, R)

a(u)a(v)
a(u + 1)
Finally we consider a fixed point (z, R) €E,XG, and note that
{(a, b)| (¢, 5, R) € P and a — R(b) = 3}
= {(a, b)l (a,b, R) € Pand b = (inv R)(a — z)}
= {(a, (inv R)(¢ — 2)) | (a, (inv R)(a — 2), R) € P}:
hence this subset of Es, is mapped by the projection p2* onto the subset
{a| (a, (inv R)(a — z), R) € P}
of E, and consequently
5¢.({a| (a, (inv R)(a — 2), R) € P})
< 5esm({(a, b)| (a, b, R) € P and @ — R(}) = z}).
3.6 CoroLLARY. If ACE,, BCE,, k20,120, and k+1=n, then

< 202 (3o ® ¢u)(P).

[ Un o Bt ® ¢6 B
E,

'nX Gn

k+1-—
< g2 a(m)a(k + n) JC::’(A X B).
a(k+1)
Proof. We apply Theorem 4.3 with vy=k-+I]—n and

P =4 X B XGn

Since ¢n(Gs) =1 we have

(%sn @ ¢n)(P) = g (4 X B).

Furthermore if (2, R) € E,XG,, then
{a| (a, (inv R)(a — 3), R) € P} = AN {a| (inv R)(a — 3) € B}
=AN{a|a—3ERB)}
= AN (T.o R)(B).
4. On certain cartesian products. It is known (see [BM]) that the
k+1! dimensional Hausdorff measure of a cartesian product 4 XB can be

infinite even though both the 2 dimensional measure of 4 and the ! dimen-
sional measure of B are finite. Here it will be shown that this pathological
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situation never occurs in case B is ] rectifiable. It will also be proved that if A
has % dimensional measure zero and B is / rectifiable, then 4 XB has k41
dimensional measure zero.

4.1 LEMMA. If k>0, ACE,, and BCE,, then

Jr(4 X B) < (1 + 1) %ﬂ 3ea(A).La(B).

Proof. It is easy to reduce the general statement to the special case in
which B is an ! dimensional cube. We henceforth assume that B is a cube
with side length b. Letting

a(k+1)
a(k)

)

¢ = (I + 1)xtni2p-1
we divide the argument into two parts.
Part 1. If SCE.,, then SXB has a finite covering H such that
diam (T) = (0 + 1)/2 diam (S) for T € H
and
k+1 k .
2 xnti(T) = cxa(S) [6 + diam (S)]%
TEH
Proof. Let r=diam (S) and let m be the least integer such that rm=b.
Then
rim — 1) < b, m < b+r,

and B can be covered by m! cubes with side length r. Forming the cartesian
product of .S with each of these cubes, we obtain a covering H of SXB such
that H has m! elements and the diameter of each element of H is equal to

@+ 1)1,
It follows that
> xnii(T) = ma(k + )2
TEH

= ca(k)Z-krk(rm)l = cx:(S)(b + r)l.
Part 2. If €>0 and if F is a countable covering of A such that

sup diam (S) < ¢,
ser

then A XB has a countable covering G such that
sup diam (T) =< (I + 1)Y/%
TEG

k1) k+l/2’k+l

¢+1
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and

T (T S ¢ X xalS)B® + ¢
TEG SEF

Proof. Using Part 1 we associate with each S&F a covering Hg of SXB
such that

diam (T) £ (I + 1)Y%for T € Hg

and

Z xii(T) S cxa(S)(b + ).

TEH,

Then the family

is a suitable covering of 4 XB.
Noting that .L:(B) = b, we see that the inequality

5Cnti(A X B) < c3ea(A)La(B)

is an immediate consequence of Part 2.

4.2 THEOREM. If ACE,, k>0, and B is an | rectifiable subset of E,,
then

(1) 3cE(A) < » implies that 3cyth(A XB) < «,

(2) 3E(A) =0 implies that 3¢kt (A XB)=0.

Proof. Choosing a bounded set CCE,; and a Lipschitzian function f
which maps C onto B, we consider the function g on 4 XC defined by the
formula

g(x, 3) = (=, f(y)) for (%, y) €A X C.

Obviously the range of g is 4 XB. Furthermore if M is a Lipschitz constant
for f, then M is also a Lipschitz constant for g and consequently

gerti(4 X B) = M semii(d X C)

< 3" 4 ) Forym 2B D a(k+10)
=< W+ 1) ")

From this inequality the statements (1) and (2) follow immediately.

UC,;(A )‘Cl (C)

5. The rectifiability of intersections. In this section the connection be-
tween rectifiability and restrictedness is used to prove that a Hausdorff &
rectifiable subset of E, has Hausdorff 2 —u rectifiable intersections with al-
most all #—u dimensional planes, and also that a Hausdorff % rectifiable
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subset of E, has Hausdorff k+1—# rectifiable intersections with almost all
isometric images of an ! rectifiable set.

5.1 LEmMMA. If XCE,, YCE,, 0 is the origin of E,., U and V are vector
subspaces of E., X is restricted at 0 by U, and Y is restricted at 0 by V, then
XM\Y is restricted at § by UNV.

Proof. Let ¢>0.
The non-negative continuous function dy-+dy vanishes only on UNV,
and consequently has a positive lower bound N on the compact set

C=E.N {z|| x| = 1and durw(x) = ¢}.
Let 0<u<\/2. If 6=xEE,, then the condition
dy(x) < p| 2| and dy(x) < p| 2|

)l <>

x x
— €& C, dunv(—) <

| %] | =]

dynv(x) < el xl

Choosing a positive number 6 for which
XN K@) C {=|du(x) S u| 2|}

implies that

and
YN K@ ) C {x|dv(z) < u| x|},
we conclude that
XNYNK®@S C {x|du(x) < u| x| and dp(x) < p| x| }
C {z|durw() s ¢| x| }.
5.2 LEMMA. If U and V are vector subspaces of E, and
dim (U) 4+ dim (V) 2 »,
then
dim [U N R(V)] = dim (U) + dim (V) — n
for @n almost all R in G..
Proof. We note that the set

G.N {R|dim [UN R(V)] # dim (U) + dim (V) — n}
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contains neither component of Gy, and is equal to the set of all common

zeros of certain determinants which are analytic functions on the Lie group
G.. (See [F4,p. 540].)

5.3 LeMMA. If A is a compact subset of E,, B is a closed subset of E,, misa
positive integer less than n, and C is the set of all those triples

(a,2, R) € E» X En X G
for which the set
AN (T,0R)(B)
is restricted at a by some m dimensional plane, then C is an analytic set.
Proof. For any positive integers 7, j, k we let
P; i
be the set of all those quadruples
(3,2 R, U) € En X En XGa X Ay
for which
AN (T.oRB)N{z| k1 <|x—a| 51} C{x|du(x) <it|x—al}.
We also define

S =(EaX EaXGaXA)N {(a,2 R U)| a €U}
and observe that S is a closed set. Inasmuch as
SN ﬁ D ﬁ P; ik
Tl jeml k=l
is equal to the set of all quadruples (a, 2, R, U) such that
A N (T,0 R)(B) is restricted at a by U,

it will be sufficient to show that each set P;,; is open.
For this purpose we note that the elements of the set

Qivik = (En X En X Ga X An) — Piin

are those quadruples (e, 2, R, U) for which there exists a point x satisfying
the four conditions

xEA, =xE€E(T.oR(B), Fk!'=|x—a|=j du(*) =it x—al.

Thus Q;,;.» is the projection image of a closed subset of the cartesian product
space

En X En X Gn X An X A.



254 HERBERT FEDERER [September
Since A4 is compact it follows that Q; ;  is closed and consequently that P, ; x
is open.
5.4 LEmMA. If ACE,, a€E,, A is restricted at a by some k dimensional
plane, and u is a positive integer less than k, then for ¢, almost all R in G, the set
ANNT[R, (pnoinv R)(a)]
1s resiricted at a by some k—u dimensional plane.

Proof. Let X=T_,(4). Since restrictedness is invariant under transla-
tions, the set X is restricted at the origin 6 of E, by a k dimensional vector
subspace U of E,. For each REG, we infer from Lemma 5.1, applied with
Y=V=R(Z;"), that

X N R(Z, ) is restricted at 0 by UN REZYY.

Furthermore we know from Lemma 5.2 that for ¢, almost all R the equations

n—u

dim [UNRZ, V]=tk+n—u)—n=Fk—u

is valid, so that XMR(Z; %) is restricted at § by some k—# dimensional
plane. Finally we observe (see [F3, p. 539]) that if REG, then

n—u

TJXNRZy )] =ANN, °[R, (b0 inv R)(a)].

5.5 THEOREM. If A is a Hausdorff k rectifiable subset of E, and u is a posi-
tive integer less than k, then

ANN (R, 2) is Hausdorff k — u rectifiable
for Lu®n almost all (3, R) in E,XGhn.
Proof. First we use Corollary 3.4 to infer that

ger “[A N (R, 2)] <

for L. ®¢, almost all (3, R).
Next we choose 4;, A,, As, + - - according to the proposition (2) of Remark
2.17 and let

A0=A—UA5.

i=1

Applying Corollary 3.4 once more, we find that

g “[AoNn (R, 2)] = 0

for L. ®¢, almost all (z, R). To complete the proof we need therefore only
show that if 7 is a positive integer then
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AN A; NN, “(R, ) is Hausdorff ¥ — u rectifiable

for L. ®¢, almost all (z, R).
We henceforth consider a fixed positive integer 7 and let Q be the set of
all those ordered pairs

(d, R) E Ai X Gn
for which the set

AN\, “[R, (pn 0 inv R)(a)] = 4: N\ (Ta 0 R)(Zn ")
is restricted at ¢ by some £ —u dimensional plane.
Since Lemma 5.3 implies that Q is an analytic subset of 4;XG,, we can
use the Fubini Theorem in conjunction with Lemma 5.4 to obtain
k
(% ® ¢a)[(4: X Ga) — Q] =0,
whence it follows by Theorem 3.3 that

k—u

s, “[{a] (6, R) € (4: XGa) —Q} NN (R D] =0

for L. ®¢. almost all (z, R).
Now suppose (z, R) is a point of E, XG, for which both

ger “[A N (R, 2)] <
and
k—u n—u
ICn [{dl (d, R) S (Ai XGN) - Q} M (R’ z)] = 0’
and let
S=4N4;N N (R, 32).
Then it is true for 3¢, * almost all @ in S that (¢, R) €Q; inasmuch as

(pu oinv R)(a) = 3,

it follows from the definition of Q that S is restricted at ¢ by some k—u
dimensional plane. Applying the proposition (1) of Remark 2.17 with 4 and
k replaced by S and & —u respectively, we conclude that the set .S is Hausdorff
k—u rectifiable.

5.6 LemMA. If ACE,, BCE,, aEE,, b&E,, A is restricted at a by some
k dimensional plane, B is restricted at b by some | dimensional plane, and k+1>n,
then for ¢, almost all R in G, the set

AN [Ta_rw o R](B)

is restricted at a by some k+1—n dimensional plane.
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Proof. Letting
X =T_u4), Y =T_B),
we see that X is restricted at the origin 6 of E, by a k dimensional vector sub-
space U of E, and that Y is restricted at 8 by an / dimensional vector sub-
space V of E,.

If REG.,, then R(Y) is restricted at 8 by R(V) and, according to Lemma
5.1, XNR(Y) is restricted at 6 by UNR(V); inasmuch as

TorwpyoR=Ts0Ro0 T,

the set
AN [Tar@ o R|(B) = Ta[X N R(Y)]

is restricted at a by T,[UNR(V)].
Reference to Lemma 5.2 completes the proof.

5.7 TuEOREM. If A is a Hausdorff k rectifiable subset of E,, B is an [ recti-
fiable subset of E,, and k+1>n, then

AN (T,o R)(B) is Hausdorff k + | — n rectifiable
for La®¢n almost all (3, R) in E,XG,.

Proof. First we use the statement (1) of Theorem 4.2 to obtain the in-
equality

Jeon (4 X B) < o,
and infer from Corollary 3.6 that '
" AN (Too RY(B)] <
for L ®¢, almost all (z, R). .

Next we choose Ai, 42, 43, - - - according to the proposition (2) of Re-
mark 2.17, and similarly select compact ! rectifiable subsets B,, B, Bs, * - -
of E, such that

5n (B - U Bf) =0
j=1

and such that for each positive integer j and each point & B; it is true that
B; is restricted at b by some / dimensional plane. Letting

A0=A_UAiy B0=B_UB1"

i=1

=1

we apply the statement (2) of Theorem 4.2 to infer that
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ear'(4o X B) = 0

and

Sert (4: X Bo) = en (BoX A) =0 fori=1,2,3, - .

Accordingly Corollary 3.6 implies that the conditions

ger™ " [40 N (Ty 0 R)(B)] = 0

and

k+1—n

3%, [AiN(T:oR)(By)] =0 fori=1,2,3,--
hold for L. ®¢, almost all (3, R). Inasmuch as

[4N (T.0 R(B)] C [4sN (Too B(B)] U U [4: N (T, 0 R)(Bo) |

i=1
U U U [4N 4N (T.0 R)(B)]
=1 =1

whenever (3, R)EE,XG,, the proof will be complete as soon as we have
shown that if 7 and j are positive integers then

ANA; N (T, 0 R)(B;) is Hausdorff & + I — #» rectifiable

for L ®¢» almost all (z, R).
We henceforth consider fixed positive integers 7 and j and let Q be the set
of all those triples

(a,5, R) € 4; X B; X Gn
for which the set
A;N\ [Tary o R|(By)

is restricted at @ by some k+!—# dimensional plane.
Since Lemma 5.3 implies that Q is an analytic subset of the cartesian
product space

A; X Bi XGpn = (4i X B;j) X Gy,
and since
3eor (4: X B)) < w,

according to the statement (1) of Theorem 4.2, we can use the Fubini Theo-
rem in conjunction with Lemma 5.6 to obtain

(e’ ® ¢a) [(4s X B; X Ga) — Q] = .
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Applying Theorem 3.5 with vy=%+I]—n, we find that

k+l—n

3. [{a] (e, (inv R)(a — 2), R) € (4: X B; XG,) — Q] =0
for £, ®¢. almost all (z, R).
Now suppose (2, R) is a point of E,XG, for which both

gen” "4 N (Ta0 R)(B)] < w

and

k+l-n

3 [{al(a, (inv R)(¢ — 2), R) € (4: X B; X G, —Q}] =0,
and let
S=ANA4;N\(T,o R)(B)).
We observe that if a &S then
a & (T:oR)(B;), a¢—3&ER(By, (invR)(e—3)EBj
(d, (inV R)(a - Z), R) e Az' X Bj XGn-
Therefore it is true for 35*~" almost all ¢ in S that
(a, (inv R)(a — 2), R) € Q;
inasmuch as
¢ — R[(inv R)(a — 2)] = 2,
it follows from the definition of Q that S is restricted at ¢ by some k+1l—n
dimensional plane. Applying the proposition (1) of Remark 2.17 with 4 and
k replaced by S and 2+ —n respectively, we conclude that the set S is Haus-
dorff k+1—mn rectifiable.
6. The principal integralgeometric formula. Considering again the inter-
sections of a Hausdorff % rectifiable subset of E, with the isometric images of

an / rectifiable set, we compute here the integral over the group of isometries
of the 2+1—n dimensional Hausdorff measures of these intersections.

6.1 LEMMA. If A and B are analytic subsets of E., A is Hausdorff k recti-
fiable, and B is n—k rectifiable, then

[ sl (@0 BE)L @ 606 B) = B, D)3 (B).
EaXGp

Proof. First we note, as a consequence of Theorem 4.1 of [F1], that the
integrand in the above formula is an ., ®¢,. measurable function. In fact if
f is the function on A ® BQG, to E,.Q®G, such that

f(a, b, S) = (a — S(b), S) for (a, b, S) € A X B X Gy,
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and if (2, R) €EE,.XG,, then the multiplicity with which f assumes the value
(2, R) is equal to the number of elements of the set

AN (T,0R)(B).

Inasmuch as 35 almost all of 4 is the union of countably many disjoint
analytic k rectifiable sets, it will obviously be sufficient to show that the
formula is valid in case either 3C5(4) =0 or A4 is k rectifiable.

If 3¢k(A4) =0, then the formula is a consequence of Theorem 4.2 and Corol-
lary 3.6.

If A is k rectifiable, then 4 and B can be represented as univalent (see
[MF]) Lipschitzian images of an .Cx measurable subset of E; and an La—
measurable subset of E, _ respectively, and the formula follows from Theo-
rem 4.2 of [F2] and Theorem 5.9 of [F3].

6.2 THEOREM. If A and B are analytic subsets of E., A is Hausdorff k
rectifiable, B is I rectifiable, and k+1=n, then

[ ™ AN (0 RBIIL ® 606 B) = i b, 3K A) H1(B).
EnXGn

Proof. In view of the preceding lemma we may assume that k+I>n.
Letting % be the function on Ei; ;o XGrXE,XGy such that

2n—k—1

h(y, S, 2z, R) = sc,.[A N\, S, » N\ (T.0R)(B))
whenever YE Ex11n, SEG,, 2EE,, and REG,, wedivide our argument into
three parts; the theorem is an immediate consequence of Part 2 and Part 3.
Part 1. b is an Lr11-n @Pn QL0 ®Pn measurable function.
Proof. Considering the function

f: A X B xGn XGn—>Ek+l—n XGn X En XGn
such that
k+l-n

fla, 5, U, V) = ((pn  oinv U)(a), U,a — V(b), V)
whenever a4, bEB, USG, and VEG,, we note that if
(3’, S’ Z, R) E Ek+l—n X Gn X En X Gm

then the multiplicity with which f assumes the value (y, S, 2, R) is equal to
k(y, S, 2z, R). Hence Part 1 is a consequence of Theorem 4.1 of [F1].
Part 2.

[ o™ U (0 RBIIL © 606 B

—B(’n,k—"'l__”)f hd(“c.k+l—n ® n ®.C,, 524 ¢n)
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Proof. According to Part 1 and the Fubini Theorem we have

f hd(-Ck+l—n ® ¢n ® ‘Cn ® ¢n)

= [ [ 45,55 R3Lrs10 © 63, 9L © 9012, B

Furthermore Theorem 5.7 implies that for .L, ®¢. almost all (3, R) the set
AN (T, 0 R)(B)

is k+1—n rectifiable, whence it follows by Theorem 9.7 of [F3] and by the
formula for the integralgeometric measure given in Section 5 of [F4] that

k+1l—n k+1-n

3 [A N(T,o R)(B)] = In [A N (T.0 R)(B)]
1
ol eray f k(y,S, 2, R)A(Liri—n @ ¢n)(, S).

Part 3.

B(n, k)B(n, 7)
B2n — k—1,n—1)

f h(Lrrin ® 60 ® Lo ® 6n) = 3C,(4) 3en(B).

Proof. According to Part 1 and the Fubini Theorem we have

f hd(Lotion ® bn ® Ln ® 6)

= [ [ 10,5, 5 RIL. ® 8, RBILrs12 ® 6, ).

Furthermore Theorem 5.5 implies that for L+ ®¢n almost all (y, S) the set
2n—k—1

ANN (S, )

is n—1 rectifiable, whence it follows by Lemma 6.1 that

2n—k—1

[ 3.5, 5 RAL © 636 B = B0m D3 A NNT(S, ) (B

2n—k—1

n—1l i
=B(n, DFn [ANN (S, 9)]3(B).
Finally we use the theorem in Section 8 of [F4] with m=n—1 to compute

2n—k—1

f A OGS, ) 18(Lotin ® $2)(3, S)

_ B(n, k)
B2n —k—1,n—1

B(n, k)
B2n —k—1l,n—1

Fald) = gea(A).
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6.3 REMARK. The condition “4 and B are analytic subsets of E,” in
Theorem 6.2 can be replaced by the weaker condition “4 is 3C; measurable
and B is 3¢, measurable.” This extension presents no difficulty because every
Hausdorff measurable set of finite measure contains an F, of equal measure,
and is contained in a G; of equal measure.

The problem whether or not the condition “B is / rectifiable” can be re-
placed by the weaker condition “B is Hausdorff ! rectifiable” is still unsolved,
even for the simplest case in which 2=1, /=1 and n=2.
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